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ON BIRATIONAL GEOMETRY OF MINIMAL 
THREEFOLDS WITH NUMERICALLY TRIVIAL 
CANONICAL DIVISORS 

CHEN JIANG 


Abstract. For a minimal 3-fold X with Kx = 0 and a nef and big 
Weil divisor L on X, we investigate the birational geometry inspired 
by L. We prove that \mL\ and \Kx -I- mL\ give birational maps for all 
m > 17. The result remains true under weaker assumption that L is big 
and has no stable base components. 
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1. Introduction 

A normal projective variety X is said to be minimal if X has at worst 
Q-factorial terminal singularities and the canonical divisor Kx is nef. Ac¬ 
cording to Minimal Model Program, minimal varieties form a fundamental 
class in birational geometry. 

Given an re-dimensional normal projective variety X with mild singular¬ 
ities and a big Weil divisor L on A, we are interested in the geometry of 
the rational map ^\raL\ defined by the linear system |mL|. By definition, 
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^\mL\ is birational onto its image when m is sufficiently large. Therefore it is 
interesting to find such a practical number m(n), depending only on dimX, 
which stably guarantees the birationality of ^\mL\- In fact, the following 
three special cases are the most interesting: 

Case 1. Kx is nef and big, L = Kx', 

Case 2. Kx = 0, L is an arbitrary nef and big Weil divisor; 

Case 3. —Kx is nef and big, L = —Kx- 

It is an interesting exercise to deal the case X being a smooth curve or 
surface. We recall some known results on surfaces. 

Theorem 1.1 (cf. Bombieri [2], Reider m)- Let S be a smooth surface. 

(1) If Ks is nef and big, then gives a birational map for m > 5; 

(2) If Ks = 0, then \mL\ gives a birational map for m > 3 and L an 

arbitrary nef and big divisor; 

(3) If —Ks is nef and big, then \ — mKs\ gives a birational map for 
m > 3. 

Smooth threefolds were studied by Matsuki [19], M. Chen [7], Ando [T], 
Fukuda [T2|, Oguiso |22] . and many others, and we have the following known 
results. 

Theorem 1.2 (Chen |7|, Fukuda |I2|)- Let X be a smooth 3-fold. 

( 1 ) If Kx is nef and big, then \mKx\ gives a birational map for m > 6 ; 

(2) If Kx = 0, then \mL\ gives a birational map for m > 6 and L an 

arbitrary nef and big divisor; 

(3) If —Kx is nef and big, then \ — mKx\ gives a birational map for 
m > 4. 

When X is a 3-fold with Q-factorial terminal singularities. Case 1 was 
systematically treated by J. A. Chen and M. Chen m-m and Case 3 is 
systematically treated by M. Chen and the author m- 

Theorem 1.3 (Chen-Chen [6], Chen-Jiang [l0|). Let X be a 3-fold with 
Q-factorial terminal singularities. 

(1) If Kx is nef and big, then \mKx\ gives a birational map for m > 61; 

(2) If —Kx is nef and big, then \ — mKx\ gives a birational map for 
m > 97; 

(3) If —Kx is ample with p{X) = 1, then \ — mKx\ gives a birational 
map for m > 39; 

Now we consider Case 2, when X is a minimal 3-fold with Kx = 0 and 
L is an arbitrary nef and big Weil divisor on X. If X is smooth, then |mL| 
gives a birational map for m > 6 by Fukuda [T^j. If X is with Gorenstein 
terminal singularities and q{X) := h^{Ox) = 0, then |mL| gives a birational 
map for m > 5 by Oguiso-Peternell |23| . 

The motivation of this paper is to study the birational geometry of min¬ 
imal 3-fold with K = 0. For an arbitrary nef and big Weil divisor L on X, 
we investigate the birationality of the linear system |mL| and the adjoint 
linear system \Kx + mL\. We remark that the behavior of these two linear 
systems are a litte diffenrent even though they are numerically equivalent. 
For example, if the local index i{X) > 1, then i{X)L is always a Cartier 
divisor while Kx + i{X)L can never be (see Section 2). 
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The difficulty arises from the singularities of X, and the assumption that 
L is only a Weil divisor. If we assume that L is Cartier, then the problem 
becomes relatively easy and can be treated by the method of Fukuda m 
using Reider’s theorem [25]. On the other hand, fortunately, the singularities 
of minimal 3-folds with K = 0 is not so complicated due to Kawamata m 
and Morrison [2T], and this makes it possible to deal with the birationality 
problem. 

As the main result, we prove the following theorem. 

Theorem 1.4. Let X be a minimal 3-fold with Kx = 0 and a nef and big 
Weil divisor L. Then \mL\ and \Kx + mL\ give birational maps for all 
m > 17. 

In fact, we prove a more general theorem. 

Theorem 1.5. Let X be a minimal 3-fold with Kx = 0, a nef and big Weil 
divisor L, and a Weil divisor T = 0. Then \Kx + mL + T| gives a birational 
map for all m > 17. 

Moreover, by Log Minimal Model Program, the assumption that L is nef 
can be weaken. We say that a divisor D has no stable base components if 
\mD\ has no base components for sufficiently divisible m. 

Theorem 1.6. Let X be a minimal 3-fold with Kx = 0, a big Weil divisor 
L without stable base components, and a Weil divisor T = 0. Then \Kx + 
mL + T\ gives a birational map for all m > 17. In particular, \mL\ and 
\Kx + mL\ give birational maps for all m > 17. 

As a by-product, we prove a direct generalization of Fukuda [T2| and 
Oguiso-Peternell |23] which is optimal by the general weighted hypersurface 
Aio CP(1,1,1,2,5). 

Theorem 1.7 f=Theorem 13.21) . Let X be a minimal Gorenstein 3-fold with 
Kx = 0, a nef and big Weil divisor L, and a Weil divisor T = 0. Then 
\Kx + rnL -|- T| gives a birational map for all m > 5. 

For the convenience, we introduce the following definition. 

Definition 1.8. {X,L,T) is called a polarized triple if X is a minimal 3- 
fold with q{X) = 0 and Kx = 0, L is a nef and big Weil divisor, and T is a 
numerically trivial Weil divisor on X. 

Note that we assume q{X) = 0 in the definition. The case that q{X) > 0 
is relatively easy and we treat it in Section [3] (see Theorem 13. 2p . 

This paper is organized as follows. In Section [21 we recall some basic 
knowledge and facts. In Section [31 we treat Gorenstein case. We study the 
birationality of polarized triples in Section [3] and give an effective criterion 
for the birationality of linear systems. In the last section, to apply the 
birationality criterion, we estimate several quantities of polarized triples. 
We prove Theorems 11.51 and 11.61 in the last part. 

Acknowledgment. The author would like to express his gratitude to his 
supervisor Professor Yujiro Kawamata for suggestions and encouragement. 
He appreciates the very effective discussion with Professors Meng Chen and 
Keiji Oguiso during the preparation of this paper. Part of this paper was 
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written during the author’s visit to Fudan University and he would like to 
thank for the hospitality and support. The author would like to thank the 
anonymous reviewer for his valuable comments and suggestions to improve 
the explanation of the paper. 

2. Preliminaries 

Throughout we work over an algebraically closed field k of characteristic 
0 (for instance, k = C). We adopt the standard notation in Kollar-Mori 
[18| . and will freely use them. 

Let X be a minimal 3-fold with Kx = 0. Denote by i{X) the local index 
of X, i.e. the Cartier index of Kx- By Kawamata m Corollary 5.2], for 
arbitrary Weil divisor D on X, i{X)D is a Cartier divisor. By Kawamata 
m Theorem 8.2], Kx ~q 0 and we define the global index 

I{X) = min{m E N j mKx ~ 0}. 

Note that i{X)\I{X). 

For two linear systems jA] and \B\, we write ^ \B\ if there exists an 
effective divisor F such that 


\B\ D 1^1 +F. 

In particular, \i A < B as divisors, then ^ \B\. 

2.1. Rational map defined by a Weil divisor. Consider a Q-Cartier 
Weil divisor D on X with h^{X, D) >2. We study the rational map defined 
by \D\, say 

which is not necessarily well-defined everywhere. By Hironaka’s big theorem, 
we can take successive blow-ups tt :Y ^ X such that: 

(1) Y is smooth projective; 

(2) the movable part \M\ of the linear system l[7r*(Z))Jj is base point 
free and, consequently, the rational map 7 := o vr is a morphism; 

(3) the support of the union of Tr~^{D) and the exceptional divisors of 
vr is of simple normal crossings. 

Let Y F Z be the Stein factorization of 7 with Z := 7 (K) C 
We have the following commutative diagram. 



X-- Z 

Case (/np)- If dim(F) > 2, a general member S of \M\ is a smooth 
projective surface by Bertini’s theorem. We say that \D\ is not composed 
with a pencil of surfaces. 
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Case (/p). If dim(r) = 1, i.e. dim‘I>D(X) = 1, a general fiber S' of / 
is an irreducible smooth projective surface by Bertini’s theorem. We may 
write 

a 

M = J2Si^aS 

i=l 


where S* is a smooth fiber of / for all i. We say that \D\ is composed 
with a pencil of surfaces. It is clear that a > hf{D) — 1. Furthermore, 
a = h^{D) — 1 if and only if F = and then we say that \D\ is composed 
with a rational pencil of surfaces. In particular, if q{X) = 0, then F = P^ 
since g{T) < q{Y) = q{X) = 0. 

For another Weil divisor D' satisfying hf{X,D') > 1, we say that \D\ and 
\D'\ are composed with the same pencil if |n| and \D'\ are composed with 
pencils and they define the same fibration structure y —>■ F on some smooth 
model Y. In particular, \D\ and \D'\ are not composed with the same pencil 
if one of them is not composed with a pencil. 

Define 


i 



Case (/np); 
Case (/p). 


Clearly, in both cases, M = tS with i > 1. 


Definition 2.1. For both Case (/np) and Case (/p), we call S a general 
irreducible element of\M\. 

We may also define “a general irreducible element” of a moving linear 
system on any surface in the similar way. 


2.2. Reid’s Riemann—Roch formnla. A basket B is a collection of pairs 
of integers (permitting weights), say {(5j, rj) | i = 1, • • • , s; is coprime to rj} 
For simplicity, we will alternatively write a basket as follows, say 

R = {(1,2), (1,2), (2,5)} = {2 X (1,2), (2,5)}. 

Let A be a 3-fold with Q-factorial terminal singularities. According to 
Reid [21], for a Weil divisor D on X, 

X{D) = x{Ox) + ^D{D - Kx){2D -Kx) + ^{D- C 2 ) + cq(D), 

Q 

where the last sum runs over Reid’s basket of orbifold points. If the orbifold 
point Q is of type -!-(l, — 1, 6 q) and iq = iqiD) is the local index of divisor 
D at Q (i.e. D ~ iqKx around Qj 0 < fg < r), then 

f T^\ “ 1) , jbqirQ — jbq) 

= --+ A —^ 

Here the symbol ” means the smallest residue mod r and X]7=o •= 0- We 
can write Reid’s basket as Bx = {(^qAq)}q- Note that we may assume 
0 < Recall that i{X) = l.c.m.jrg € Bx}. 
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Let X be a minimal 3-fold with Kx = 0. Note that for arbitrary nef and 
big Weil divisor H, Kawamata-Viehweg vanishing theorem m Theorem 
1-2-5] implies 

h\H) = h^Kx + {H - Kx)) = 0 

for all i > 0. For a nef and big Weil divisor L and a Weil divisor T = 0, 
Reid’s formula gives 

h^{mL + T) = xiOx) H + ^2 cgimL + T). 

Q 

We make some remarks on estimating this formula. Recall that by Miyaoka 
[ 20 ] , C 2 is pseudo-effective and hence (L • C 2 ) > 0 holds. Also Reid’s formula 
or Kawamata m Theorem 2.4] gives 

= ( 2 - 1 ) 

Q 

We define 

\{L) := Il^ + L(L-C2). 

Note that A(L) is a numerical invariant of L. We can rewrite Reid’s formula 
as following: 

3 

h\mL + T) = xiOx) + ^ ^x{L) + cgimL + T). 

Q 

We have the following lemma. 

Lemma 2.2. i(X)X{L) G Z>o. In particular, X{L) > 


Proof. For a singular point Q of type (6, r), note that if i runs over {0,1, • • • , r— 
1} then so does the local index of L -|- iKx at Q. Hence we have 


r—1 


y^^cgjL + iKx) 


1=0 

r—1 

E 

i=0 


i{r‘^ - 1 ) 


12r 

„2 


2—1 

+ E 

1=0 


jb{r -jb) 


2r 


i=l 1=0 


2r 


^ ^ jb{r-jb) 


(r-l)(r^-l) ^ 

(r — l)(r^ — 1) 
24 

(r — l)(r^ — 1) 
24 

(r — l)(r^ — 1) 


+ EE 

1 = 01 = 1+1 

r-2 


1=1 
r—1 

+ E('=-') 


2r 

..jb{r-jb) 


2r 

kb{r — kb) 


k=2 


24 


2r 


{k = r - j) 
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kb{r — kb) 


k=l 


24 

(r — l)(r^ — 1 ) r — 2 kb{r — kb) 


2 r 


24 


r—1 

2 ^ 2 r 

k=0 


{r-l){r‘^ -l)_^r- 2 ^ j{r - j) 


24 




2 ^ 2 r 

j=0 


7.2 _ 1 


24 

Hence by Reid’s formula, 
i(X)-l 

Y, h^L + iKx) 

i=0 


E 

i=0 


+ ^{L) + Y cq{L + iKx 


Q 


= i{X)xiOx)+i{X)X{L) + Y 

Q 

= i{X)X{L). 


ijX) 
24 tq 


Hence i{X)X{L) G Z. On the other hand, X{L)> 0 since L is nef and big. □ 
We have the following lemma for intersection numbers. 


Lemma 2.3. Let X be a normal projective 3-fold with ^-factorial terminal 
singularities. Recall that i{X) is the local index of X, i.e. the Cartier index 
ofKx- Then for Weil divisors Di, D 2 , and D^, onX, {i{X)Di- 02 - 03 ) G Z. 
In particular, if L is a nef and big Weil divisor on X, then 

Proof. Recall that by Kawamata m Corollary 5.2], i{X)Oi is Cartier. Take 
a resolution of isolated singularities (j) : W ^ X. We may write K\y = 
(f*{Kx) + X where A is an exceptional effective Q-divisor over those isolated 
terminal singularities on X. Denote by O^ the strict transform of Oi on W 
for i = 1,2, 3. By intersection theory, we have 

{i{X)Oi • O 2 ■ 03)x 

= {cf*{i{X)0^)-<f*{02)-0'3)w 

= {cf*iiiX)0i)-0'^-0'3)w 

is an integer. □ 


2.3. Some facts about minimal 3-folds with K = 0. We collect some 
facts about minimal 3-folds with K = 0 proved by Kawamata m and 
Morrison |21] . 

Theorem 2.4 f |14l I21]l. Let X be a minimal 3-fold with Kx = 0. The 
following facts hold: 

(1) 0 < x{Ox) < 4; 
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(2) xiC>x) = 0 if and only if X has Gorenstein singularities; 

(3) If q{X) > 0, then X is smooth; 

(4) If q\x) = 0 and x{Ox) > 2, then I{X) G {2,3,4,6}; 

(5) If q{X) = 0 and x{Ox) = 1; then 

I{X) € {2,3,4,5,6,8,10,12}; 

(6) If I(X) G {5,8,10,12}, then x{Ox) = 1, q{X) = h^Ox) = 0, 
i{X) = I{X), and the singular points can be described explicitly by 
Morrison m Proposition 3]. 

Proof. (1) is proved by Kawamata |14l Theorem 3.1], (2) is a direct conse¬ 
quence of equality (12.ip . (3) is proved by Kawamata [13] and [TTj (see m 
Section 1]). (4) is proved by Morrison |21l Proposition 1, Proof of Theorem 
1] and (5) is proved by Morrison [211 Proposition 3, Proof of Theorem 2], 
(6) is a direct consequence of (2)-(5) and Morrison |21[ Proposition 3]. □ 

3. Gorenstein case 

Throughout this section, we assume that X is a minimal Gorenstein 3- 
fold with Kx = 0 and L is a nef and big Weil divisor on X. Note that L 
is a Cartier divisor since i{X) = 1. Recall that we have a canonical model 
fj, : {X, L) —)• (Z, H) such that Z is a 3-fold with canonical singularities and 
pIKz = Kx, H is an ample Catier divisor with L = p*H (cf. [231 Lemma 
0.2]). 

Lemma 3.1 (cf. |23l Lemma 1.1]). Let D be a divisor on X. Then 

(1) > (D2 .L)(l3). 

(2) D-L^ = D‘^ -L mod 2; 

(3) // D • L2 = 1 andD‘^-L>0, then D‘^ ■ L = = 1. 

Proof. See the proof of [231 Lemma 1.1]. Note that Kx = 0 is sufficient in 
the proof. □ 

We prove Theorem ll.5l for the Gorenstein case. It is a direct generalization 
of Fukuda [12] and Oguiso-Peternell [23] . and we follow their ideas. 

Theorem 3.2. Let X be a minimal Gorenstein 3-fold with Kx = 0, a nef 
and big Weil divisor L, and a Weil divisor T = 0. Then \Kx + rnL + T\ 
gives a birational map for all m > 5. 

Proof. Note that L and T are Cartier divisors since i{X) = 1. 

Case 1. dim‘^|i|(X) > 1. 

Take a resolution tt :Y X. Consider the linear system \Ky -P mML + 
7r*T|. Note that 

dim4>|,r*L|(^) = dim4>|i|(X) > 1. 

By [121 Key Lemma] with R = ML, rg = 4, and ri = 1, \Ky -|-m7r*L-|-7r*T| 
gives a birational map for all m > 5. So \Kx + rnL + T\ gives a birational 
map for all m > 5. 

Case 2. dim‘^|i|(X) < 0. 

In this case, since h^{L) > 0 by Riemann-Roch formula, we have h^{L) = 
1. By Riemann-Roch formula again, 

hP{2L) = ^(2^ - 2)L^ + 2/i°(L) = 1,^ + 2. 
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First, we assume that \2L\ is composed with a pencil of surfaces. Set 
D := 2L and keep the same notation as in Subsection 12.II Then we have 

27r*{L) >M = aS> (/i°(2L) - 1)5 = {L^ + 1)5. 

Thus we have 2L^ > (L^ + l)(7r*(L)^ • 5). This implies that ■ 7r*5 = 
7r*(L)^ -5 = 1 since Tr*(L)^ • 5 > 0. On the other hand, L ■ (7r*5)^ = 7r*(L) • 
'7r*7r*5 • 5 > 0. Hence by Lemma Id. 11 31. L ■ (7r*5)^ = = 1. Hence M = 

(L^ + 1)5 = 25, in particular, |2L| is composed with a rational pencil (see 
Case (/p) in subsection 2.1). Consider the canonical model {Z,H). Since 
hP{H) = hP{L) = 1 and = 1, there exists an irreducible surface 

G such that \H\ = {G}. Denote by G' the strict transform of G. Then 
we may write 2L ~ 2G' + 2E for some /r-exceptional divisor E. Note that 
Mov|2L| = |27r*5|, hence 27r*5 ~ 2G' + F for some effective //-exceptional 
divisor F. Note that |27r*5| is a rational pencil by construction, which means 
that, every element in |27r*5| can be written as the form 7r*5i -|- '7r*52 with 
some 5i ~ 52 ~ 5. Hence 7r*5i-|-7r*52 = 2G'-|-F (not only linear equivalence 
but equality). Hence 7r*5i = G' + E' for some effective //-exceptional divisor 
E' by the irreduciblity of G'. But this implies dim |7r*5| = 0, a contradiction. 

Hence |2L| is not composed with a pencil of surface. Set D := 2L and 
keep the same notation as in Section [2.11 Then we have 2tt*[L) = \M\ -\- F 
such that \M\ is base point free. Consider a smooth element N in |M|. 
Note that \Kx + rnL -|- T\ gives a birational map if so does the restriction 
\Ky -|- -|- 7r*((m — 2)L + r)||^r by Lemma 14.21 and birationality principle 

(cf. |23l Lemma 1.3]). On the other hand, Kawamata-Viehweg vanishing 
theorem and adjunction formula give 

\Ky + N + 7r*((m - 2)L + r)||jv = \Kn + 7r*{{m - 2)L + T)U|. 

Reider’s theorem (cf. [25]) implies that \Km + vr*((m — 2)L -|- T)| 7 v| gives a 
birational map for m > 5 if > 2. Now we assume that {'k*L)'^-N = 

1, then Lemma f3.H 3l implies that = Lp' = L-{'k^,N)‘^ = 1. Consider 
the canonical model {Z,H). Since h^{H) = = 1, and ■ tt^N = 1, a 

similar argument implies dim |7r*N^| = 0, a contradiction. 

We completed the proof. □ 

By Theorems 13.21 and 12.41 21 ('31. to prove Theorem 11.51 we only need to 
consider polarized triples {X,L,T) with xi^x) > 0. 

4. Birationality criterion 

In this section, we give a criterion for the birationality of polarized triples. 
The methods using in this section are mainly developed in Chen-Chen |5] 
and Chen |9], and latter modified in Chen-Jiang [lOj . 

4.1. Main reduction. Firstly, we reduce the birationality problem on X 
to that on its smooth model Y. 

Lemma 4.1 (cf. [HI Lemma 2.5]). Let W be a normal projective variety 
on which there is an integral Weil Q-Cartier divisor D. Let h : V —W 
be any resolution of singularities. Assume that E is an effective exceptional 
Q-divisor on V with h*{D) E a Cartier divisor on V. Then 

h,Ov{h*{D) + E) = Ow{D) 
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where Ow{D) is the reflexive sheaf corresponding to the Weil divisor D. 

Lemma 4.2. Let X he a normal projective variety with ([^-factorial terminal 
singularities, D he a Weil divisor on X and vr ; Y —)• X he a resolution. 
Then ^\Kx+d\ is hirational if and only if so is ‘J’|Xy+|'7r*(D)]| • 

Proof. Recall that 

KY = 7r*iKx) + E,, 

where is an effective Q-Cartier Q-divisor since X has at worst terminal 
singnlarities. We have 

= 7r*{Kx)+E^ + 7r*{D) + E 
= 7r*{Kx + D) + E^ + E 

where E^,- + is an effective Q-divisor on Y exceptional over X. Lemma [4.11 
implies 

7t,Oy{Ky + \7r*{D)]) = Ox{Kx+D). 

Hence ^\Xx+D\ is hirational if and only if so is 4>|^y_|_|-^*(£))i|. □ 


4.2. Key theorem. Let {X, L, T) be a polarized triple. Take a Weil divisor 
Lq snch that Lq = L. Suppose that /i°(moLo) > 2 for some integer mo > 0. 
Suppose that mi > mg is an integer with hPfmiLo) > 2 and that |miLo| 
|moLo| are not composed with the same pencil. Note that in application, if 
|moLo| is not composed with a pencil, we can just take mi = mo- 

Set D := moLo and keep the same notation as in Subsection 12.11 We may 
modify the resolution vr in Subsection 12.11 snch that the movable part |Mm| 
of |[7r*(mLo)J| is base point free for all mo < m < mi. Set Lm '■= flrnpQ) 
defined in Subsection 12.11 Recall that, for any integer m with hfl{mLQ) > 1, 


— 


I'- 

|/i°(mLo) — 1 

Pick a general irreducible element S of 

mQir (Lq) — T E^^ 


if |mLo| is not composed with a pencil; 
if |mLo| is composed with a pencil. 

We have 


for some effective Q-divisor Emo- In particular, we see that 
—^7r*(Lo) “ S ~Q effective Q-divisor. 

^mo 

Define the real number 


ho = /ro(|5|) := inf{t € Q'*' | t7r*(Lo) ~ S ~q effective Q-divisor}. 

Remark 4.3. Clearly, we have 0 < /jq < < rn-o- For all k such that |/cLo| 

and |moLo| are composed with the same pencil, we have 

kTT*{Lo) = ikS + Ek 

for some effective Q-divisor E^, and hence Uq < 
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By the assumption on |miLo|, we know that |G| = |s| is a base point 

free linear system on S and hP{S, G) > 2. Denote by C a general irreducible 
element of |G|. Note that since Kx = 0, Ky is pseudo-effective and hence 
g{C) > 1. Since mi7r*(Lo) > we have 

mi7r*(Lo)|s = C + ii' 

where H is an effective Q-divisor on S. 

We define two numbers which will be the key invariants accounting for 
the birationality of ^\Kx+mL+T\- They are 

c := (vryL) • C)y = (7r*(Lo) • C)y = {tt*{Lo)\s • C')^ and 
e(m) := {m — fj-o — mi)C- 

Note that C and e(m) are birational invariants by projection formula. Hence 
we can modify vr if necessary. Also note that C > 0 since L is nef and big 
and C is free. 

While studying the birationality of ^\Xx+mL+T\j we will always check 
that the linear system := {Ky -|- |'7r*(mL-|-T)] | satisfies the following 
assumption for some integer m > 0. 

Assumption 4.4. Keep the notation as above. 

(1) The linear system Am distinguishes different general irreducible ele¬ 
ments of |Mmol (namely, y 4 'a^( 5'") for two different gen¬ 

eral irreducible elements S', S" of |Mmol)- 

(2) The linear system A^ls distinguishes different general irreducible 
elements of the linear system |G| = [Mmihl on S. 

The following is the key theorem in this section. 

Theorem 4.5. Let {X, L, T) he a polarized triple. Keep the notation as 
above. Let m > 0 be an integer. If Assumption \4^\ is satisfied and e{m) > 2, 
then ^\Kx+mL+T\ is birational onto its image. 

Proof. By Lemma f4.21 we only need to prove the birationality of Since 
Assumption I4.4f ll is satished, the usual birationality principle reduces the 
birationality of ‘hA,„ to that of 4 ’a,„| 5 for a general irreducible element S 
of |Mmol- Similarly, due to Assumption I4.4f 2l. we only need to prove the 
birationality of <hA,„|c for a general irreducible element C of |G|. Now we 
show how to restrict the linear system Am to C. 

Now assume e(m) > 0. We can find a sufficiently large integer n so that 
there exists a number pn G with 0 < pn — ho ^ |'e(m,n)] = [ 6 ( 771 )] 

where e{m, n) := {m — pn — rni)C 

hn'^*{Lo) ~Q S + En 

for an effective Q-divisor E^. In particular, e{m,n) > 0, and e{m,n) > 2 
if e{m) > 2. Re-modify the resolution vr in Subsection 12.11 so that En has 
simple normal crossing support. 

For the given integer 777 > 0, we have 

\Ky+\T:*{mL + T)-En\ \ < |Ky + [7r*(mL + r)]|. 

Since 6 ( 777 , n) > 0, the Q-divisor 

7r*{mL + T) - En - S = {m - pn)'n-*{L) 


(4.1) 
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is nef and big and thus 

H\Y,KY + \7r*{mL + T)-En] - S) = 0 
by Kawamata-Viehweg vanishing theorem. Hence we have surjective map 
H\Y,Ky + \7T*{mL + T) - En]) ^ H°{S,Ks + Lm,n) (4.2) 

where 

Lm,n:={\7T*{mL + T)-En]-S)\s> \Cm,n\ (4.3) 

and Cm,n '■= (vr*(mL + T) — E^ — <S')|s. Moreover, we have 

mnT*{Lo)\s^C + H 

for an effective Q-divisor H on S' by the setting. Thus the Q-divisor 

C-7n,n - H-C = {m-iin- mi)'K*{L)\s 

is nef and big by e(m, n) > 0. By Kawamata-Viehweg vanishing theorem 
again, 

H\S,Ks+\Cm,n-m-C) = Q. 

Therefore, we have surjective map 

H\S,Ks + \Cm,n - ^1) ^ H\C,Kc + Dra,n) (4.4) 

where 

Dm,n := r^m,n “ H - C] |c > \'E>jn,'n\ (4.5) 

and T>m,n := {C,m,n - H -C)\c with degT>m,n = e{m,n). 

Now by inequalities (14.ip . (|4.3D . (|4.5p . and surjective maps (|4.2I) . (14.41) . to 
prove the birationality of Ic, it is sufficient to prove that \Kc + \'E>m,n\ \ 
gives a birational map. Clearly this is the case whenever e(m) > 2, which in 
fact implies deg(|'T>m,nl) > |'e(m,n)] > 3 and Kc + \'E>m,n\ is very ample. 
We complete the proof. □ 


Corollary 4.6. Keep the same notation as above. For any integer m > 0, 
set 

e(m, 0) := (m-iiii)C- 

^mo 

If e(m, 0) > 0, then 

Amis ^ \Ks + Lm\ 

where Lm := (|'7r*(mL + T) - p^Emo] - S')|5. 


Proof. Recall that 
First of all, 


TTIqTT (Tq) — Arno'S* T Ejyiq. 


\KY+\7T*{mL + T)-—Em,]\ Y |iFy + [7r*(mL + T)]|. 

^mo 

In fact, as long as e(m, 0) > 0, the proof of Theorem 14.51 is valid except 
for the last paragraph. In explicit, sujective map (j4.2p reads the following 
surjective map 

H^iY, Ky + \7r* {mL + T) - —Em ,]) ^ H^{S, Kg + Lm) 

^rriQ 
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where 

L^ = {\^*{mL + T)-—Fm,^-S)\s. 

^rtiQ 

Hence we have proved the statement. □ 

4.3. Criterion. In order to apply Theorem 14.51 we need to verify Assump¬ 
tion oi and e(m) > 2 in advance, for which one of the crucial steps is to 
estimate the lower bound of (. 

Lemma 4.7. (1) If e{m) > 1, then f _ 

(2) Moreover, 

25 (C)-1 , 

^ — I I 1 ’ 

^0 + + 1 

(3) If g{C) = 1, then ( > 1 ; 

(4) i{X)C G Z>o. 

Proof. (1). Recall that since Kx = 0, Ky is pseudo-effective and hence 
g{C) > 1. In the proof of Theorem 14.51 if e(m) > 1 then \Kc + \IIm,n] \ is 
base point free with 

deg(A:c + \I^m,n]) > 25 (C) - 2+ |■e(m,n)] = 25 (C) -2 + |'e(m)]. 
Denote by Mm the movable part of \Ks + \Cm,n “ I- Note that 

H^{OY{[7r*{Kx+mL + T)\)) 

^H^iOx{Kx+mL + T)) 

^ H^{Oy{Ky + \7r*{mL + T)])). 

Denote by Aim the movable part of | [7r*{Kx + rnL + T)\ \ . Noting the re¬ 
lations (I4.lll4.5p while applying [ 8 l Lemma 2.7], we get 

7r*{Kx + ml -b r)|5 > Mm\s > Mm 

and Mm\c > Kc + \IIm,n \ since the latter one is base point free. So we have 
mC = M{Kx +mL + r )|5 • C > Mm ■ C > deg(iLc + |'T>m,nl)- 

Hence 

> 25 (C) - 2 - 1 - l'e(m)]. 

( 2 ). Take m' = min{m | e(m) > 1}, then ( 1 ) implies C, > We may 

assume that m' > 50 + + 1 otherwise C > • Hence 

e{m' — 1 ) = {m! — 1 — /io — W'i)C 

' 1 ^ 25 (C) 

m' 

By the minimality of m', it follows that e{m' — 1) < 1. Hence m' < 
2 g(CKi (Pto + mi -b 1). Then 

, ^ 2ff(C) ^ 25 (C) - 1 ^ 

“ m' “50 + mi + 1 


(3). Recall that 


Ky = MKx + E^ = E^, 
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where is an effective Q-Cartier Q-divisor whose support contains all vr- 
exceptional divisors since X has at worst terminal singularities. If g{C) = 1, 
then 


^ = {{Ks + C)-C)s 
= {Ky • C)y + {S ■ C)y + {C^)s 
= (E^ • C)y + {S ■ C)y + {C^)s- 

Since C is free on a free surface S, {C‘^)s, {S ■ C)y, and {E^^ ■ C)y are non¬ 
negative. Hence [E^^ ■ C)y = 0, which implies that {E ■ C)y = 0 for any 
TT-exceptional divisor E on Y since X has at worst terminal singularities. 
Hence Q = {'n*L ■ C)y is an integer. On the other hand, ^ > 0. Hence C ^ 1- 
(4). It follows from the fact that i(X)L is Cartier. □ 


Proposition 4.8. Let m > 0 be an integer. Keep the same notation as in 
Subsection 14-^ Then 


c> 


i{X) min |l, 


pLo + mi + 1. 


}]/i{X). 


Proof. If g{C) = 1, by Lemma IT71f 3l. C > 1; if g{C) > 2, by Lemma 14171 21. 
C > Then by Lemma |12l4), 


i(^)C > 



_^_| 1 . 


We complete the proof. 


□ 


Define 

po := min{/c € Z>o | hP{mL + T') > 0 for all m > k and for all T' = 0}, 

where T' is assumed to be a Weil divisor. 

To verify Assumption 14.41 11. we have the following proposition. 

Proposition 4.9. Let {X,L,T) be a polarized triple. Keep the same no¬ 
tation as Subsection 14.21 Then Assumption \Mi) is satisfied for all m > 
mo + pq. 

Proof. We have 

Ky + [7r*(mL + r)] 

> Ay + |'7r*(mL + T - moLo) + 

= {Ky + |" 7 r*(mL -\-T - moLo)]) + M^o 

> 

The last inequality is due to 

h^{KY + \Tr*{mL + T - moLo)]) 

= h^{Kx + mL + T — moLo) > 0 

when m > mo -p po by Lemma l4.ll and the definition of po- 

When f : Y —>■ T is of type (/np), [26l Lemma 2] implies that Am can 
distinguish different general irreducible elements of {Mmol- When / is of 
type (/p), since the rational pencil IM^qI (recall that q{X) = 0) can already 
separate different fibers of /, Am can automatically distinguish different 
general irreducible elements of |Mmol- Cl 
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It is slightly more complicated to verify Assumption I4.4l 2i . 

Lemma 4.10 (cf. [9l Lemma 3.7]). Let R be a smooth projective surface 
with a base point free linear system |G|. Let Q be an arbitrary Q-divisor on 
R. Denote by C a general irreducible element of |G|. Then the linear system 
+ \Q] + G\ can distinguish different general irreducible elements of \G\ 
under one of the following conditions: 

(1) |G| is not composed with an irrational pencil of curves and Kii+ \Q~\ 
is effective; 

(2) |G| is composed with an irrational pencil of curves, g{C) > 0, and 
Q is nef and big; 

Proof. The statement corresponding to (1) follows from |26l Lemma 2] and 
the fact that a rational pencil can automatically distinguish its different 
general irreducible elements. 

For situation (2), we pick a general irreducible element C of |G|. Then, 
since h?{R, G) > 2, G = sG for some integer s > 2 and G^ = 0. Denote by 
Cl and C 2 two general irreducible elements of |G| such that Ci + C 2 < |G|. 
Then Kawamata-Viehweg vanishing theorem gives the surjective map 

H\R, Kr + + G) ^ H^{G, Kc, + Di) © H\C2, Kc, + D 2 ) 

where Di := ([Q] + G — Gj)|ci with deg(Dj) > Q • G* > 0 for r = 1, 2. 

If g{G) > 0, Riemann-Roch formula gives hf{Gi,Kci + Dfj > 0 for i = 
1,2. Thus \Kr + \Q~\ + G| can distinguish Gi and G 2 . □ 

Proposition 4.11. Let {X,L,T) be a polarized triple. Keep the same no¬ 
tation as in Subsection fj.Sl Then Assumption \4.4^ 2) is satisfied for all 
m > mo + mi + po- 

Proof. Assuming m > mo + mi + 1, we have e(m, 0) > 0, and Corollary 14.61 
implies that 

Amis ^ \Ks + Lm\- 

It suffices to prove that \Ks+Lm \ can distinguish different general irreducible 
elements of |G|. 

For a suitable integer m > 0, we have 
Ks + Lra 

= Ky\s+ \r:*{mL + T) - —Fmol |s 

^mo 

> {Ky + [vrymT + T - (mo + mi)Lo)l)|s + Mmjs- 

Thus, if |G| is not composed with an irrational pencil of curves, \Ks + Lm| 
can distinguish different irreducible elements provided that 

Ky + |'7r*(mL + T - (mo + mi)Lo)] 

is effective, which holds for m — mo — mi > po- 

Assume |G| is composed with an irrational pencil of curves, we have 

Ks + Lm 

>Ks+ ((vrymL + T) - —Fmo - S)\s] 

^mo 
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>Ks+\{^:*{mL + T-mlLo)-—Fm,-S)\s^+Mm^s■ 

^mo 

We can take Q = {'K*{mL + T — miLo) — — 5')|5 in Lemma [4.101 

since e(m, 0) > 0. Since g{C) > 0, Lemma |11T0J2) implies that Assumption 
11312) is satisfied for m > tuq + mi + 1. 

We complete the proof. □ 

In summary, we have a criterion for birationality. 

Theorem 4.12. Let {X,L,T) be a polarized triple. Keep the same notation 
as in Suhsection \4.S\ Then \Kx + rnL + T| gives a birational map if 

f 2 

m > max <1 mo + mi + po — I, pQ + mi + - 

This theorem is optimal in some sense by the following examples. 

Example 4.13 I pTl 14.3 Theorem]). Consider the general weighted hy¬ 
persurface Xio C P(l, 1,1, 2, 5) which is a smooth Calabi-Yau 3-fold. Take 
L = Ox{F) and T = Kx ~ 0. Then |5L| gives a birational map but |4L| 
does not. 

On the other hand, we may take mo = mi = pQ = po = 1 and C > 1- 
Hence Theorem 14.121 implies that jmLj gives a birational map for all m > 5. 

Example 4.14 ( [TTl 14.3 Theorem]). Consider the general weighted hy¬ 
persurface Ag C P(l,l,l,l,4) which is a smooth Calabi-Yau 3-fold. Take 
L = Oxi^) and T = Kx ~ 0. Then j4Lj gives a birational map but |3L| 
does not. 

On the other hand, we may take mo = mi = po = po = 1. Note that 
S G \L\ and C G iLjgj. Hence f = 2. Then Theorem 14.121 implies that 
jmL] gives a birational map for all m > 4. 

Example 4.15 ([3l Theorem 4.5]). Consider the general weighted complete 
intersection X 2 fi C P(l, 1,1,1,1,3) which is a terminal Calabi-Yau 3-fold. 
Take L = Ox{F) and T = Kx ~ 0. Then j3Lj gives a birational map but 
j2Lj does not. 

On the other hand, we may take mo = mi = po = pQ = 1. Note that 
S G jL] and C G Hence (" = = 4. Then Theorem 14.121 implies that 

jmL] gives a birational map for all m > 3. 

5. Birationality on polarized triples 

In this section, we consider the birationality problem on polarized triples. 
By Theorem 14.121 we need to estimate mo, mi, po, po, and (. First we will 
give estimation for po by Reid’s formula. Then we reduce the estimation of 
mi to the estimation of Hilbert function of L so that we can estimate both 
mo and mi by Reid’s formula. Note that pQ can be estimated by Remark 
14.31 and f can be estimated by Proposition 14.81 once we have estimation of 
mo and mi. 

We always assume that (A, L, T) is a polarized triple with xi^x) > 0 in 
this section. 
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5.1. Estimation of pQ. In this subsection, we estimate pQ. Note that by 
Theorem 12.41 41 and the fact that i{X)\I(X), we have 

i{X) G {2,3,4,5,6,8,10,12}. 

Since we need to estimate the Hilbert function of some divisor D, we 
need to estimate the singular part cq{D) in Reid’s formula. We list all the 
possible values for cq{D) with all the possible singularities in Table A. The 
first row corresponds to the local index igiD) of D and the first column 
corresponds to the possible singularities of Q. In the estimation, we will 
always replace cq{D) by the minimal value in the list corresponding to Q. 


^q{D) 

0 

1 

2 

3 

4 

5 

(1,2) 

0 

-1/8 





(1,3) 

0 

-2/9 

-1/9 




(1,4) 

0 

-5/16 

-1/4 

-1/16 



(1,5) 

0 

-2/5 

-2/5 

-1/5 

0 


(2,5) 

0 

-2/5 

-1/5 

-1/5 

-1/5 


(1,6) 

0 

-35/72 

-5/9 

-3/8 

-1/9 

5/72 

(1,8) 

0 

-21/32 

-7/8 

-25/32 

-1/2 

-5/32 

(3,8) 

0 

-21/32 

-3/8 

-9/32 

-1/2 

-5/32 

(1,10) 

0 

-33/40 

-6/5 

-49/40 

-1 

-5/8 

(3,10) 

0 

-33/40 

-3/5 

-9/40 

-3/5 

-5/8 

(1,12) 

0 

-143/144 

-55/36 

-27/16 

-14/9 

-175/144 

(5,12) 

0 

-143/144 

-19/36 

-11/16 

-5/9 

-31/144 

^QiD) 

6 

7 

8 

9 

10 

11 

(1,8) 

1/8 

7/32 





(3,8) 

-3/8 

-9/32 





(1,10) 

-1/5 

7/40 

2/5 

3/8 



(3,10) 

-1/5 

-9/40 

-3/5 

-9/40 



(1,12) 

-3/4 

-35/144 

2/9 

9/16 

25/36 

77/144 

(5,12) 

-3/4 

-35/144 

-7/9 

-7/16 

-11/36 

-67/144 


Table A: table of cq(D) 


Note that for a singular point Q of index r € {2, 3,4, 5} and for any Weil 
divisor D, 


cq{D) > - 


— 1 
12 r 


To estimate po, we discuss on the value of i{X). Fix a Weil divisor T' = 0. 
Recall that and A(L) > 

If i{X) € (2,3,4, 5}, by Reid’s formula and equality ()2.1I) . 


h^{mL + T')>x{Ox) + 


— m 


+ m\{L)-Y^ 




Q 


I2r, 


Q 


rrfi + 5m 
- 6i(A) 


x{Ox). 
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Recall that xi^x) < 4 (or xi^x) = 1 if z(X)=5), hence 

/ 

Po < < 


3, if iiX) = 5; 

4, ifi(X)€{2,3}; 

5, if i{X) = 4. 


If i{X) = 6 , then we write Bx = {a x (1,2), 6 x (l,3),c x (1,6)}. By 
equality ( 12 .ip . 

. X 3 8 , 35 

24x(Ox) = i:a + -b+ —c. 

2 3b 

Hence c < ^x(dx)- By Reid’s formula and equality ()2.ip . 

h^{mL + T') > x{Ox) + + rn\{L) -L-h-^c 

o 8 9 9 

— m 5 

=-^^ + mA(L) - x(Ox) - 

rrfi + 5m 9 , , 

> ^ ^X( x)- 

Recall that x{C>x) < 4:, hence po < 6 . 

If i{X) = 8 , by Morrison [2T1 Proposition 3], we have i{X) = I{X), 
x(Ox) = 1, and Bx = {3 x (1, 2), (1,4), (5i, 8 ), ( 62 , 8 )} for 61,62 = 1 or 3. 
By Reid’s formula, 

hO(mL + T') > 1 + + ^a(L) - 3 X - - - - 2 X - 

^ ^ - 6 ^ ^ 8 16 8 

+ 5m 23 

“ 48 16' 

Hence po < 4. 

If i{X) = 10, by Morrison [211 Proposition 3], we have i{X) = I{X), 
xiOx) = 1, and Bx = {3 x (1,2), (61, 5), (62, 5), (c, 10)} for 61,62 = 1 or 2, 
c = 1 or 3. By Reid’s formula, 

, 0 / ^ — 1 2 49 

hP{mL + T') >1+ 


6 


-L'^ + mX(L) — 3x-2x- 

^ ^ 8 5 40 


m^ + 5m 7 

“ 60 5' 

Hence po < 5. 

If i{X) = 12, recall that by Morrison |21l Proposition 3], we have i{X) = 
IiX), xiOx) = 1, and Bx = {2 x (1, 2), 2 x (1, 3), (1,4), (6,12)} for 6 = 1 
or 5. By Reid’s formula, 

h0{mL + T')>1 + + „A(L) - 2xi-2x?-A_?Z 

^ ^ - 6 ^ V 1 g 9 16 16 

+ 5m 61 
“ 72 

Hence po < 5. 

In summary, we proved the following proposition. 
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Proposition 5.1. We have the following estimation for pq: 

'3, ^/^(X) = 5; 

^|4, ^/^(X)€ {2,3,8}; 

^°-|5, ^/^(X)€ {4,10,12}; 

.6, zfi{X) = 6. 

5.2. Estimation of mi. We give a criterion for a linear system not com¬ 
posing with a pencil of surfaces by looking at its Hilbert function. 

Proposition 5.2. Let Lq be a nef and big Weil divisor. If 

/i°(mLo) > i{X)LQm + 1 

for some integer m, then |mLo| is not composed with a pencil of surfaces. 

Proof. Assume that |mLo| is composed with a pencil of surfaces. Set D := 
mLo and keep the same notation as in Subsection 12.11 Then we have 
m'K*{LQ) > M = {h^{mLo) — 1)S. Note that by LemmaESl i{X)7r*(L q)'^ -S 
is an integer. On the other hand, 7 r*(Lo)^ • S is positive since 7 r*(Lo)|s 
is nef and big on S. Hence 'k*{LqY ' S > Thus we have rnTg > 

(hP{mLQ) — l)(7r*(Lo)^ • S) > j^{h^{mLo) — 1 ), a contradiction. □ 

5.3. Proof of Theorems 11.51 and 11.61 In this subsection, we prove The¬ 
orems 11.51 and 11.61 by estimating mo and mi. 

Proof of Theorem 11.51 To prove Theorem 11.51 by Section [3l we only need 
to consider polarized triples {X,L,T) with xi^x) > 0. We discuss on the 
value of i{X). Recall that 

i{X) G {2,3,4,5,6,8,10,12}. 

Recall again that and A(L) > The main problem is to 

estimate J2q^Q- proof, we often use the fact that if Q is a cyclic 

singular point and D is a Weil divisor with local index iqiD) = 0, then 

cq{D) = 0 . 

Case 1. i{X) = 2 or 3. 

In this case, by Reid’s formula, 

h\i{X)L) > x{Ox) + > 1 , 

6 

h^{2i{X)L) > x(Ox) + > 2i(XfL^ + 1. 

6 

Hence we can take Lq = L, mo = i(X), and mi = 2i(X). Then we have 
To < *(Ai) by Remark 14.31 By Proposition 14.81 ( > By Proposition 

15.11 Pq < 4. By Theorem 14.121 \Kx + mL T\ gives a birational map for 
m > 5i{X) + 1. 

Case 2. i{X) = 4. 

In this case, by the proof of Lemma 12.21 

3 

h^{5L + iKx) = 4A(5L). 
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Hence there exists zq such that 

h^{hL + ioKx) > A(5L). 

Take Lq = L iqKx- Then 

/i°(5Lo) = h°(5L + iqKx + ^ioKx) 

= h^ihL + ioKx) 

> A(5L) 

= 20Lg + 5A(L) 

> 5z(X)Lq + 1 . 

On the other hand, 

h°(4Lo) = x{Ox) + + 4A(L) > 4. 

Hence /i^(4Lo) > 5 and |5-Lo| is not composed with a pencil. Take mo = 4. 
By Proposition 15.11 po < 5. 

If |4Lo| is composed with a pencil, then we have /tq < 1 by Remark 14.31 
and we can take mi = 5. By Proposition 14.81 C ^ By Theorem 14.121 
\Kx + mL + T\ gives a birational map for m > 14. 

If |4Lo| is not composed with a pencil, then we have ^ 4 and we can 
take mi = 4. By Proposition 14.81 C > By Theorem 14.121 \Kx +mL + T\ 
gives a birational map for m > 13. 

Case 3. i{X) = 6. 

In this case, recall that 1 < xi^x) < 4 and we write Bx = {a x (1, 2), 5 x 
(l,3),c X (1,6)}. By equality d^, 

. X 3 8, 35 

24x{Ox) = xa + -b+ —c. 

2 6b 

If x(Ojv) = 1) there is only one solution satisfying i{X) = 6, which is 
Bx = {5 X (1, 2), 4 X (1, 3), (1, 6)}. We can take Lq = L + ioKx for some io 
such that the local index of Lq at the point (1, 6) is 0. Note that 

—5 X if A; = 3; 

^cq(A;Lo) > < -4 X |, ifA; = 4; 

Q —5 X 4 — 4 X |, if A: = 7. 

By Reid’s formula, 

h*^(3Lo) = 1 H--— Lq + 3A(L) + cq{6Lq) 

Q 

h°(4Lo) = 1 + + 4A(L) + ^ cq(4Lo) 

Q 

= 1 H--— Lq + 7A(L) + cq(7Lo) 

Q 

Hence /i°(3Lo) > 2 and |7Lo| is not composed with a pencil. Take niQ = 3. 
By Proposition 15.11 pQ < 6. 


> 1 , 

> 2 , 

> 7iiX)Ll + 1 . 
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If |4Lo| and |3Lo| are composed with the same pencil, then we have /xq < 2 
by Remark 14.31 Take mi = 7. By Proposition 14.81 C > By Theorem 14.121 
\Kx + mL + T\ gives a birational map for m > 16. 

If |4Lo| and |3Lo| are not composed with the same pencil, then we can 
take mi = 4 and we have ^0 < 3. By Proposition 14.81 C ^ By Theorem 
14.121 \Kx + mL + T\ gives a birational map for m > 13. 

Now we assume that xi^x) ^ 2. Note that for any Weil divisor D and 
singular point Q of index r. 


cq{3D) + cq{3D + 3Kx) 


ifr = 2; 
< 0, if r = 3; 
ifr = 6. 


Hence 


h^{3L) + h^{3L + 3Kx) 

— 2x(C^x) + 2A(3L) + ^~~^ (cq(3L) + cq{3L + 3Kx)) 

Q 

= 2x{Ox) + 2X{3L)-^a-^c 
> 2X{3L). 


Therefore there exists a Weil divisor Lq = L such that 
/i°(3Lo) > A(3L) = 4L3 + 3A(L) > 1. 


On the other hand, 

/i*^(6Lo) ^ xi^x) + "^-^0 ^ 6i(X)LQ + 1. 

Hence | 6 Lo| is not composed with a pencil. 

Hence we can take mo = 3 and mi = 6 . Then we have /Uq < 3 by Remark 
14.31 By Proposition 14.81 C > 3 - By Proposition 15.11 po < 6 . By Theorem 
14.121 \Kx + mL + T\ gives a birational map for m > 16. 

Case 4. i{X) = 5. 

In this case, recall that by Morrison |21l Proposition 3], we have i{X) = 
I{X), x ( Ox ) = 1, and Bx = {( 61 ,5), (62,6), (63,5), (64,6), (65,5)} for 6* = 1 
or 2 for 1 < i < 5. We can take Lq = T + iqKx for some iq such that the 
local index of Lq at the point {hi, 5) is 0. Note that YIq cgikLo) > —4 x | 
for all k. By Reid’s formula, 

h^i^Lo) = 1 H--— Lq + 4A(L) + cq(4Lo) > 2, 

Q 

h^i^Lo) = 1 H-^—Lq + 5A(L) = 6 , 

^\3 fi 

/i*^(6Lo) = 1 H-^— Lq + QX{L) + ^ ^ cq(6To) > 6i(^)To T f- 

Q 

Hence /i^(4Lo) > 3 and | 6 Lo| is not composed with a pencil. Take mo = 4. 
By Proposition 15.11 po < 3. 
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If |5-Lo| and |4Lo| are composed with the same pencil, then we have /xq < 1 
by Remark 14.31 Take mi = 6. By Proposition 14.81 C > By Theorem 14. 121 
\Kx + mL + T\ gives a birational map for m > 13. 

If |4Lo| is composed with a pencil, and |5Lo| and |4Lo| are not composed 
with the same pencil, then we can take mi = 5 and we have /xq < 2. By 
Proposition 14.81 C ^ By Theorem 14. 121 \Kx +mL + T| gives a birational 
map for m > 13. 

If |4Lo| is not composed with a pencil, then we can take mi = 4 and we 
have /Uo < 4. By Proposition 14.81 C > By Theorem 14.121 \Kx + mL + T\ 
gives a birational map for m > 14. 

Case 5. i{X) = 8. 

In this case, recall that by Morrison |21l Proposition 3], we have i{X) = 
I{X), x{Ox) = 1, and Bx = {3 x (1,2), (1,4), ( 6 i, 8 ), ( 62 , 8 )} for 61,62 = 1 
or 3. We can take Lq = L + i^Kx for some xq such that the local index of 
Lq at the point ( 61 , 8 ) is 0. Note that 


'^cqikLo) > 

Q I 16 


if /c = 4; 
if A: = 6. 


By Reid’s formula, 

/i^(4Lo) = 1 H--— Lq + 4A(L) + cq(4Lo) > 1, 

<9 

h^{6Lo) = 1 H--—Lq + 6A(L) + cq(6Lo) > 4, 

Q 

o3 _ o 

/x°( 8 Lo) = 1 + —^L^ + 8 A(L) > 8i{X)Ll + 1. 
o 

Hence /i'^(4Lo) > 2 and | 8 Lo| is not composed with a pencil. Take mo = 4. 
By Proposition 15.11 po < 4. 

If | 6 Lo| and |4Lo| are composed with the same pencil, then we have /xq < | 
by Remark 14.31 Take mi = 8 . By Proposition 14.81 C ^ By Theorem 14. 121 
\Kx + mL + T\ gives a birational map for m > 16. 

If | 6 Lo| and |4Lo| are not composed with the same pencil, then we can 
take mi = 6 and we have /xq < 4. By Proposition 14.81 C ^ By Theorem 
14.121 \Kx + mL + T\ gives a birational map for m > 16. 

Case 6 . i{X) = 10. 

In this case, recall that by Morrison |211 Proposition 3], we have i{X) = 
I{X), xiC>x) = 1, and Bx = {3 x (1,2), ( 61 ,5), ( 62 , 6 ), (c, 10)} for 61,62 = 1 
or 2, c = 1 or 3. We can take Lq = L + iqKx for some zq such that the 
local index of Lq at the point (c, 10) is 0. Note that for an even integer k, 
C( 3 (A:Lo) > — 2 X |. By Reid’s formula, 


/i^(4Lo) — 1 H --—Lq + 4A(L) + cq(4Lo) > 1; 

Q 

6,*^(6Lo) = 1 H --— Lq + 6A(L) + cq(6Lq) > 4; 

Q 
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q3 _ Q 

hP{8LQ) = 1 H -^— Lq + 8 A(L) + ^ ^ cq{8Lq) > 8i{X)LQ + 1. 

Q 

Hence /i°(4Lo) > 2 and | 8 -Lo| is not composed with a pencil. Take mo = 4. 
By Proposition 15.11 po < 5. 

If | 6 Lo| and |4Lo| are composed with the same pencil, then we have po < ^ 
by Remark 14.31 Take mi = 8 . By Proposition 14.81 C ^ By Theorem 

14.121 \Kx + mL + T\ gives a birational map for m > 17. 

If | 6 Lo| and |4Lo| are not composed with the same pencil, then we can 
take mi = 6 and we have po < 4. By Proposition 14.81 C ^ By Theorem 

14.121 \Kx + mL + T\ gives a birational map for m > 17. 

Case 7. i{X) = 12. 

In this case, recall that by Morrison ED Proposition 3], we have i{X) = 
I{X), xiOx) = 1, and Bx = {2 x (1,2), 2 x (1, 3), (1,4), ( 6 ,12)} for 6 = 1 
or 5. We can take Lq = L + i^Kx for some iq such that the local index of 
Lq at the point ( 6 ,12) is 0. Note that 

J^cgikLo) > 

Q 

By Reid’s formula, 

h*^(3Lo) = 1 H--— Lq + 3A(L) + cq(3Lo) > 1, 

Q 

h*^( 6 Lo) = 1 H --— Lq + 6 A(L) + cq(6Lq) > 4, 

Q 

g3 _ g 

= 1 H --— Lq + 9A(L) + cq(9Lq) > 9z(X)Lq + 1. 

Q 

Hence hP{8LQ) > 2 and |9Lq| is not composed with a pencil. Take mo = 3. 
By Proposition 15.11 /?q < 5. 

If | 6 Lo| and |3Lo| are composed with the same pencil, then we have po 
by Remark 14.31 Take mi = 9. By Proposition 14.81 C ^ By Theorem 14.121 
\Kx + mL + T\ gives a birational map for m > 17. 

If |6Lq| and |3Lo| are not composed with the same pencil, then we have 
Pq <8 and we can take mi = 6 . By Proposition 14.81 C ^ 5 - By Theorem 

14.121 \Kx + mL + T\ gives a birational map for m > 16. □ 

Proof of Theorem 11.61 Since L has no stable components, take a sufficient 
divisible k such that kL ~ M is movable and effective and take a suffi¬ 
cient small rational number 6 > 0 such that (X, 6M) is terminal. Run a 
{Kx + (5M)-MMP with scaling of an ample divisor, it terminates on X' by 
Kawamata m- Since i{X)l{Kx + 6M) ~ i{X)l6M is movable for I suf- 
hcient divisible, this MMP : X --4 X' does not contract any divisors, 
hence isomorphic in codimension one. Hence {X', is terminal and so 

is X'. Hence X' is a minimal 3-fold with Kx' = 'f'^Kx = 0 and is a nef 
and big Weil divisor by MMP. Note that \Kx + mL -\- T\ gives a birational 


-2xi- 


if A: = 3,9; 
if /c = 6. 
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map if and only if so does \Kx' + 'rnil)^,L + '!/;*T|, hence Theorem ll.61 follows 
from Theorem 11.51 □ 
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